Abstract. We study the asymptotic behaviour of the heat content on a compact Riemannian manifold with boundary and with singular specific heat and singular initial temperature distributions. Assuming the existence of a complete asymptotic series we determine the first three terms in that series. In addition to the general setting, the interval is studied in detail. Keywords:Heat content, compact Riemannian manifold, singular data Classification: 58J32; 58J35; 35K20
Introduction
Let M be a compact Riemannian manifold with smooth boundary ∂M , and let δ denote the geodesic distance to the boundary. Let ψ 1 and ψ 2 be smooth functions on the interior of M . Then ψ 1 will represent the initial temperature of M and ψ 2 will represent the specific heat of M . Since M is compact and ∂M is smooth the distance function is smooth near ∂M . We have to assume that δ α1 ψ 1 and δ α2 ψ 2 are smooth on a closed collared neighbourhood of ∂M . The parameters α 1 and α 2 control the growth or decay of ψ 1 and ψ 2 near ∂M . Let D be an operator of Laplace type on M . Impose Dirichlet boundary conditions to define the realization of D. Let dx be the Riemannian measure on M . Since ∂M is smooth, the corresponding Dirichlet heat kernel p M (x 1 , x 2 ; t), x 1 ∈ M, x 2 ∈ M, t > 0 vanishes linearly in δ(x 1 ) and δ(x 2 ) near ∂M . We suppose α 1 < 2 and α 2 < 2 to ensure convergence subsequently. Let e −tD be the fundamental solution of the heat equation for the Dirichlet Laplacian. Then , j = 0, 1, · · · are integrals of local invariants over the boundary.
Remark 1.
It is convenient to let α 1 and α 2 be complex as we may then use analytic continuation. For ℜ(α 1 ) << 0 and ℜ(α 2 ) << 0,
The values of β M n for more general values of α 1 and α 2 may then be obtained as regularized integrals as discussed in [10] . We omit the technical details concerning the requisite regularizations in the interests of brevity as they will play no role in our analysis.
The heat content has obvious physical relevance and the invariants β ∂M j , which reflect the asymptotic behaviour as t ↓ 0, relate the geometry of M to the underlying physical properties of M . Much of the previous work in the field has been devoted to the computation of the invariants β ∂M j in the smooth setting (α 1 = 0, α 2 = 0). They were originally studied for the scalar Laplacian with ψ 1 = ψ 2 = 1 [2, 4, 11] . Subsequently, general initial temperatures and specific heats were investigatedsee [5, 10, 13, 19, 20, 21, 22] and the references contained therein. Other boundary conditions (Neumann, Zaremba, etc.) have been considered [3, 8] . The growth of the coefficients β ∂M j has also been of interest [1, 7, 23 ] -see also [12] for related work on the heat trace asymptotics. The case where ψ 1 is singular (α 1 > 0) but ψ 2 is smooth (α 2 = 0) was studied previously [9, 10] . The current paper is devoted to the study of the invariants β ∂M j in the doubly singular case. The special case of a ball of radius a in R 3 is well understood. The following result was proved in [6] .
where
and
It is convenient to use a standard formalism to describe the invariants β ∂M j in the general setting. Let D be an operator of Laplace type acting on the space of smooth sections to some vector bundle V over a Riemannian manifold (M, g). Choose a local system of coordinates (x 1 , ..., x m ) for M and a local frame for V . We adopt the Einstein convention and sum over repeated indices. Let ds 2 = g µν dx µ • dx ν define the Riemannian metric and let g µν be the inverse matrix where 1 ≤ µ, ν ≤ m. We may then express:
for suitably chosen endomorphisms A µ and B of V . If ∇ is a connection on V , we use ∇ and the Levi-Civita connection to covariantly differentiate tensors of all types and let ';' denote multiple covariant differentiation. If ψ 1 is a section to V which is smooth on int(M ), let ψ 1;µν be the components of ∇ 2 ψ 1 . If E is an auxiliary endomorphism of V , we define the associated modified Bochner Laplacian by setting:
Let Γ µνσ and Γ µν σ be the Christoffel symbols of the Levi-Civita connection. Then (see, for example, the discussion in [5] ):
Lemma 2. If D is an operator of Laplace type, then there exists a unique connection ∇ on V and a unique endomorphism E of V so that D = D(g, ∇, E). The connection 1-form ω of ∇ and the endomorphism E are given by
The specific heat ψ 2 is a section to the dual vector bundleṼ . We use the dual connection onṼ to covariantly differentiate ψ 2 . Note that the connection 1 form ω ν for∇ is the dual of −ω ν . Thus
Near the boundary, choose an orthonormal frame {e 1 , ..., e m } for the tangent bundle of M so that e m is the inward unit geodesic normal. Let indices a, b range from 1 to m − 1 and index the induced orthonormal frame {e 1 , ..., e m−1 } for the tangent bundle of the boundary. We let ':' denote the components of tangential covariant differentiation defined by ∇ and the Levi-Civita connection of the boundary. Let L ab := g(∇ ea e b , e m ) = Γ abm be the components of the second fundamental form. The difference between ';' and ':' is then measured by L. LetD be the dual operator of Laplace type onṼ . The following relations will be useful subsequently:
We expand ψ 1 and ψ 2 near the boundary of M in the form:
where ∇ em ψ j 1 = 0 and∇ em ψ j 2 = 0. We shall usually be working with scalar operators and can choose local sections s ands so that ∇ em s = 0 and∇ ems = 0. We may then express ψ 1 = Ψ 1 s, ψ 
For the Laplacian, the bundles and connections under consideration are trivial so this formalism is unnecessary. However, for more general operators, the connections in question are not flat and this formalism is essential. We shall be using the method of "universal examples" in what follows. It is a peculiar feature of this method that even if we were only interested in the scalar Laplacian for a smooth bounded domain in R m , it would be necessary to deal with quite general operators as we shall see presently while proving Lemma 11 in Section 3.
Let Ric be the Ricci tensor of M , let τ be the scalar curvature of M , and let dy be the Riemannian measure of ∂M . Section 3 is devoted to the proof of the following result:
Assume that Conjecture 1 holds. Let c α1,α2 be as given in Equation (2) . Then
Hence
and the coefficient of t (2−α1−α2)/2 agrees with Equation (1) in Theorem 3. Similarly, the next term in the series given by β ∂Ba 2 is consistent with Theorem 3.
We observe that the Γ-function in the expression for c α1,α2 which is given in Equation (2) has simple poles for α 1 +α 2 ∈ {2, 4, 6, · · · }. Furthermore the integrand with respect to ρ equals 0 for α 1 + α 2 = 2. It is easily seen that this singularity is removable. On the other hand the integral with respect to ρ is finite only for α 1 < 2, α 2 < 2 and α 1 + α 2 > 1. This suggests that the j th term (j = 1, 2, 3) in Equation (1) will take a different form for α 1 + α 2 = j. This is indeed the case for an interval in R. Let a > 0, and let χ 1 , χ 2 be non-negative C ∞ functions on R + defined by
, where 0 < ǫ 1 < ǫ 3 < a/2 and 0 < ǫ 2 < ǫ 4 < a/2. We shall establish the following result in Section 2:
, γ is Euler's constant, and ǫ = min{ǫ 1 , ǫ 2 }.
We note that the ǫ-dependence in the right hand side of Equation (3) is fictitious. Since χ 1 (x) = χ 2 (x) = 1 for 0 < x ≤ ǫ, we have that
which independent of ǫ for 0 < t < ǫ 2 . We also note that the leading term in Theorem 4 jibes with Theorem 1.4 (2) in [10] since the volume of the volume of the boundary of the interval [0, a] is equal to 2. This supports the following.
Conjecture 2. Let M be a compact Riemannian manifold with smooth boundary ∂M , and let δ denote the distance to the boundary. Let α 1 < 2, α 2 < 2, α 1 + α 2 = 1, and let χ 1 and χ 2 be smooth functions on R + with support contained in an interval [0, b], and equal to 1 in a neighbourhood of 0, and where b is such that δ is smooth on the collar
We note that Theorem 4 and Conjecture 2 include the cases where either 1 < α 1 < 2 or 1 < α 2 < 2. This requires more care in the proof of Theorem 4 than the case where both α 1 < 1 and α 2 < 1.
The proof of Theorem 4
The first step in the proof of Theorem 4 is to reduce the calculation on the interval [0, a] to a calculation on the half-line R + = [0, ∞). We have the following:
where κ = a − ǫ 3 − ǫ 4 and η = max{α 1 /2, α 2 /2}.
Proof.Without loss of generality we may assume that α 1 ≥ α 2 . We partition the region of integration [0, a]
A i , where
The integrand in the left hand side of Equation (4) is identically equal to 0 on A 5 , and this set does not contribute to the integral. Since
the contributions of A 1 and A 2 to the integral in the left hand side of Equation (4) are equal to the contributions of A 4 and A 3 respectively. Since |x 1 − x 2 | ≥ κ for (x 1 , x 2 ) ∈ A 2 , we have by monotonicity of the Dirichlet heat kernel that
Hence the contribution from A 2 to the integral in the left hand side of Equation (4) is bounded from above by
The contribution from A 1 to the integral in the left hand side of Equation (4) is bounded from above by
This completes the proof of the upper bound.
To establish the lower bound we note that
It is well known that the Dirichlet heat kernel for an open set Ω ∈ R m has the following probabilistic representation.
By Hölder's inequality we have for η ∈ (0, 1)
Since
we have by Equation (6), Equation (7), and Equation (8) that
By the last inequality in Equation (5) (
Integrating the above right hand side with respect to
Note that since 2 > α 1 and η = α 1 /2, x
is integrable at 0. Since
is also integrable at 0. This completes the proof of the lower bound.
⊓ ⊔ In order to prove Theorem 4 it clearly suffices to prove the following.
Proof.Define
where σ ∈ (0, ǫ/5) will be chosen later on. The left hand side of Equation (9) can be written as B 1 + B 2 , where
To estimate B 2 we first consider the contribution from the set C \ C 1 . We have by Equation (5) that
Consequently,
Hence there exists L depending on ǫ, α 2 and on χ 2 such that |χ 2 (x 2 )x
It is easily seen that both x 1 ≥ ǫ/2 and x 2 ≥ ǫ/2 on C ∩ {|x 1 − x 2 | ≤ ǫ/5}. Since the Dirichlet heat kernel on R + is bounded from above by t −1/2 we have that
We now choose σ 2 as to minimize t −3/2 e −σ 2 /(4t) + t −1/2 σ 2 , i.e.
This gives that for t sufficiently small the right hand sides of Equation (11) and Equation (12) are O(t 1/2 ) and O(t 1/2 log(t −1 )) respectively. We conclude that
We now write
Since x 1 ≥ ǫ/2 on C 1 we have that the integrand in the first term in the right hand side of Equation (13) is bounded by 2ǫ
where | · | denotes Lebesgue measure. It is easily seen that
and so the contribution from C 3 to the integral in Equation (13) is O(t 1/2 log(t −1 )). Furthermore by monotonicity of the Dirichlet heat kernel
To obtain a lower bound for the contribution from C 2 to the integral in Equation (13) we first observe that (4πt)
Putting all this together gives that
In order to obtain the asymptotic behaviour of B 1 in Equation (10), we introduce polar coordinates x = (4t) 1/2 ρ cos θ, y = (4t) 1/2 ρ sin θ to find that
A further change of variable θ = φ + π/4 yields that
= 2
We have used the standard change of variables tan φ = q to obtain the last identity in Equation (14) . In order to find the asymptotic behaviour of B 5 as t ↓ 0 we first consider the contribution of the second term in the integrand with respect to ρ in Equation (15), and write
The contribution of the first term in the integrand with respect to ρ in Equation (15) is calculated as follows:
The third term in the right hand side of Equation (16) is O(e −ǫ 2 /(5t) ). The second term in the right hand side of Equation (16) is equal to log(2 1/2 −1)+3 log 2−log π. The first term in the right hand side of Equation (16) equals
where we have used Equation (4.333) in [18] together with
We find that
In order to estimate B 4 we first note that by expanding sin φ and cos φ around 0 we have that (cos φ + sin φ)
We see that the integral with respect to φ converges both at φ = 0 and at φ = π/4. We conclude that
The proof of Theorem 3
We shall assume that ℜ(α 1 ) << 0 and ℜ(α 2 ) << 0 and then apply analytic continuation to establish the general case. We shall also assume that α 1 + α 2 / ∈ Z to ensure that the interior and the boundary terms do not interact. The invariants β ∂M j are given by local formula. Standard arguments using dimensional analysis yield the following result; as these arguments are by now standard (see, for example, the discussion in [5] ), we omit details in the interests of brevity. Remark 2. We note that ε 0 α1,α2 = c α1,α2 is given by Equation (2). There is a basic symmetry which is useful. Let e −tD denote the fundamental solution of the Dirichlet Laplacian and letD be the dual operator on the dual vector bundleṼ . The lemma below follows immediately from the identity Next, we consider some product formulae: As the second fundamental form vanishes, the distinction between ';' and ':' disappears, and we haveD 1 ψ M1 2 = −(ψ M1 2;aa +Ẽψ 2 ). Calculating on the interior then implies that
We may therefore use Assertion (b) to derive the following identity from which Assertion (e) will follow:
We continue our study by index shifting:
Proof. We assume ψ 1 and ψ 2 have compact support near the boundary of M . We setψ 1 := (δ n1 ψ)δ −α1−n1 andψ 2 := (δ n1 ψ 2 )δ −α2−n2 for n i ∈ N. We compute: To apply Assertion (a), we must determine the relevant tensors. We have: ⊓ ⊔
